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DYNAMICAL CORRESPONDENCES FOR SMALE SPACES 


ROBIN J. DEELEY, D. BRADY KILLOUGH, AND MICHAEL F. WHITTAKER 


Abstract. We initiate the study of correspondences for Smale spaces. Correspondences are shown 
to provide a notion of a generalized morphism between Smale spaces and are a special case of finite 
equivalences. Furthermore, for shifts of finite type, a correspondence is related to a matrix which 
intertwines the adjacency matrices of the shifts. This observation allows us to define an equivalence 
relation on all Smale spaces which reduces to shift equivalence for shifts of finite type. Several 
other notions of equivalence are introduced on both correspondences and Smale spaces; a hierarchy 
between these equivalences is established. Finally, we provide several methods for constructing 
correspondences and provide specific examples. 


1. Introduction 

Smale spaces were defined by Ruelle as a purely topological description of the basic sets of 
Smale’s Axiom A diffeomorphisms on a compact manifold [201 |2l] . Smale spaces are topological 
dynamical systems with a local hyperbolic product structure. Shifts of finite type are the zero 
dimensional examples of Smale spaces and, because of Bowen’s theorem |4], are the basic building 
blocks of the theory. 

The main goal of this paper is the introduction of a class of generalized morphisms between 
Smale spaces. Given two Smale spaces {X^ip) and there is a correspondence from {X,ip) 

to (Y, 'ip) if there is a third Smale space (M, p) and a diagram 


(Af.fi) 



where tTu is a u-bijective map and vr^ is an s-bijective map; these types of maps will be discuss below, 
and in more detail in Section [2^ In this paper we show that correspondences allow us to generalize 
notions that are specihc to the combinatorial nature of shifts of finite type to the language of Smale 
spaces; prototypical examples include shift equivalence and strong shift equivalence. 

The recent development of Putnam’s homology theory for Smale spaces [19] , which generalizes 
Krieger’s dimension groups for shifts of hnite type, plays an important role in this paper. In par¬ 
ticular, the functorial properties of Putnam’s homology theory emphasize the importance of s- and 
u-bijective maps, which are related to, but are less general than Fried’s notion of s- and u-resolving 
maps An s-bijective map : {X, ip) —)■ (Y, p)) is a factor map that restricts to an isomorphism 
between specihc stable sets of X and Y ; likewise a u-bijective map restricts to an isomorphism 
between specihc unstable sets of X and Y [T^ Dehnition 2.5.5]. The functoriality of Putnam’s 
homology theory with respect to s- and u-bijective maps implies that a correspondence between 
Smale spaces (X, p) and (Y, p:) induces natural maps between the homology groups p) and 

H^{Y,'ip). Putnam’s homology theory and its functorial properties are reviewed in Section ITTI 

One of the prevailing themes of this paper is the generalization of notions for shifts of hnite type 
to all Smale spaces. A hnite equivalence between shifts of hnite type is a diagram like fll.ip except 
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that the maps vr^ and tt^ are only assumed to be hnite-to-one factor maps; two Smale spaces are 
called hnitely equivalent if there exists a hnite equivalence between them. There is a rather strong 
analogy between hnite equivalences and certain non-negative integer matrices going back to work 
of Furstenberg and Parry m Theorem 1 and Lemma 2], Given an irreducible graph G, we let Aq 
denote the adjacency matrix of G and we let (Sc, a) denote the associated shift of hnite type. Our 
starting point for generalization in this direction is a slight reformulation of m Theorem 8.3.8] 
(also see Theorem 14.41 below!: 

Theorem 1.1. Let G and H be irreducible graphs. Then the following are eguivalent 

( 1 ) (Sccr) and are finitely eguivalent; 

( 2 ) (ScjCr) and {T,h,o') have egual entropy; 

(3) There exists a nonnegative integer matrix F 7 ^ 0 such that FAc = AhF; and 

(4) There is a correspondence from (EG,cr) to (T,H,cr). 

In general, Theorem 2.5.3 in [19] shows that s- and u-bijective maps on Smale spaces are hnite- 
to-one, so a correspondence is a special case of a hnite equivalence between Smale spaces. Theorem 
11.11 implies that the existence of a hnite equivalence, a correspondence, or an intertwining matrix 
between irreducible shifts of hnite type are equivalent. However, a hnite equivalence between 
shifts of hnite type does not canonically induce a map at the dimension group level. In contrast, 
an intertwining matrix or a correspondence between shifts of hnite type does dehne a map at 
the dimension group level. This is the hrst indication that correspondences give a more natural 
generalization of an intertwining matrix than hnite equivalences. 

Returning to the case of Smale spaces, Putnam’s homology theory is not (or at least is not known 
to be) functorial for arbitrary hnite-to-one factor maps, but as noted above is functorial for s- and 
u-bijective maps and hence also for correspondences. Since dehnitions involving correspondences 
can be applied to all Smale spaces, it is natural to translate notions and results phrased in terms 
of matrices for shifts of hnite type into the language of correspondences - examples include shift 
equivalence and strong shift equivalence. 

We say that two Smale spaces (X, ip) and (Y, fi) are iP-equivalent if there is a correspondence 
from (X, ip) to (Y, fj) and a correspondence from (Y, fi) to (X, ip) so that the composition induces 
the identity map at the level of Putnam’s homology theory in all possible orders (see Dehnition 
15.lip . In Theorem 15.181 we show that iP-equivalence of Smale spaces generalizes shift equivalence. 
In the same spirit, strong equivalence of Smale spaces (see Dehnition 15.lip is equivalent to strong 
shift equivalence as shown in Corollary 15.151 

A further motivation for the dehnition of correspondences comes from index theory. Namely, 
from the notion of correspondences in KK-theory due to Connes and Skandalis [5] (also see m)- 
However, an understanding of KK-theory is not required to understand the results of this paper. 
Classes in KK-theory can be viewed as generalized morphisms; correspondences of Smale spaces 
should also be viewed in this way. 

All in all, the goal of this paper is to introduce correspondences for Smale spaces, discuss their 
basic properties, and explore the strengths and weaknesses of the analogy between intertwining 
nonnegative integer matrices and correspondences in the case of shifts of hnite type. Furthermore, 
we compare existence results concerning correspondences and hnite equivalences. In the case of 
the latter, Bowen’s theorem implies that results in the shift of hnite type case generalize with little 
or no change to the Smale space case. The situation for the existence of a correspondence is more 
subtle as it involves the stable and unstable sets, compare Theorems 13.31 and 16.11 

The content of the paper is as follows. Section [2] briehy introduces the reader to Smale spaces 
and their homology groups. In Section |3] we review hnite equivalence and almost conjugacy for 
Smale spaces. Section 0] introduces the main new concept in the paper, correspondences for 
Smale spaces. These provide a notion of a generalized morphism between two Smale spaces. 
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and we show that in the shift of hnite type case, existence of a correspondence is eqnivalent to 
existence of a hnite eqnivalence. In Section [5l we introdnce several eqnivalence relations between 
correspondences and nse these to dehne varions notions of invertibility for correspondences. In tnrn 
these notions of invertibility lead to notions of eqnivalence for Smale spaces. Section |6] provides 
several general methods for constrncting correspondences as well as a special case of a Kiinneth 
formnla for Pntnam’s homology theory for Smale spaces. We nse these constrnctions to show that 
onr new notion of H-eqnivalence between Smale spaces is strictly stronger than having isomorphic 
homology theory, even with the antomorphisms associated to the dynamics acconnted for. In 
Section [7| we stndy the implications of snch eqnivalences for Smale spaces, and relate them back to 
the implications for shifts of hnite type by providing a diagram similar to the diagram on p.261 of 
[H], which shows the implications in the shift of hnite type case. Finally, we look ahead to some 
nnanswered qnestions in Section [HI especially to the notion of an eqnivalence of correspondences 
related to the iF-theory of the C^-algebras associated with Smale spaces. We note that onr notion 
of a correspondence is not related to the notion of C*-correspondence. 

Acknowledgements. We thank Ian Pntnam for many interesting and nsefnl discnssions abont the 
content of this paper, and for his gnidance and snpport dnring this early part of onr academic 
careers. In particnlar, we thank Ian for remarks concerning the dehnitions of eqnivalence considered 
here, and for snggesting the Kiinneth formnla in order to constrnct examples. 


2. Preliminaries 

In this section we briehy provide backgronnd on Smale spaces and Pntnam’s homology for Smale 
spaces. These results all appear in Putnam’s A Homology Theory for Smale Spaces [19] in much 
more detail. The reader would be well advised to have a copy on hand while reading this paper. 
We use [H] and [191 Section 2.2] for notation regarding shifts of hnite type; when they do not 
agree we follow [T9] . 

2.1. Smale spaces. A Smale space {X, (p) is a dynamical system consisting of a homeomorphism 
If on a. compact metric space X such that the space is locally the product of a coordinate that 
contracts under the action of p and a coordinate that expands under the action of p. The precise 
dehnition is as follows. 

Definition 2.1 f [T9l P-19], [20]). A Smale space (X, p) consists of a compact metric space X with 
metric d along with a homeomorphism p ■. X ^ X such that there exist constants > 0, 0 < 
A < 1 and a continuous bracket map 

{{x,y) e X X X \ d{x,y) < ex} H- [x,y] e X 

satisfying the bracket axioms: 

B1 [x, x] = X, 

B2 [x, [y,z]] = [x,z], 

B3 [[x,i/], 2 ;] = [a;,;^], and 
B4 p[x,y] = [p{x),p{y)\] 

for any x, y, ^ in X when both sides are dehned. In addition, (X, p) is required to satisfy the 
contraction axioms: 

Cl For x,y E X such that [x, y] = y, we have d{p{x), p{y)) < Xd{x, y) and 
C2 For x,y & X such that [x^y] = x, we have d{p~^{x), p~^{y)) < \d{x,y). 
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The local product structure isn’t entirely obvious from the dehnition. Suppose x G X and 
0 < e < then we dehne 

X\x,e) :={y eX \ d{x,y) < e, [y,x] = x}, 

X“(x, e) :={y eX \ d{x, y) < e, [x, y] = x}. 

The set X’^{x,e) is called the local stable set and the set X^{x,e) is called the local unstable set. 
For x,y G X such that d{x,y) < £x/2, the bracket map [x,y] is the unique point where the local 
stable set of x intersects the local unstable set of y and vice versa, as in Figure [H 


X^{y,ex) 


X^{x,ex) 


[y,x] 


X^{x,ex) 


X 


y 


X%y,ex) 


[x,y] 


Figure 1 . The local coordinates of x, y G X and their bracket maps 

It is worth noting that if a bracket map exists on (X, ip) then it is unique. In this paper we study 
Smale spaces with topological recurrence conditions - specihcally, non-wandering, irreducible, and 
mixing Smale spaces, see m Dehnitions 2.1.3, 2.1.4, and 2.1.5]. 

For each x G X the local stable and unstable sets extend to global stable and unstable sets 
X^(x) and X“(x) as follows 

X^(x) := {?/G X| lim d{ip^(x), ip^(y)) = 0}, 

n—>-+00 

X“(x) := {?/G X| lim d^p-"^(x), {y)) = 0}. 

n—>-+00 

If X and y are in the same stable or unstable equivalence class we denote this by x i/ and 
X y-i respectively. We note that for any x G X we have X^{x,e) C X^(x) and similarly for 
the unstable sets. Moreover, for y G X we often consider X^(?/) as a topological space itself. The 
open sets {X^(x,£) | x G X^(i/),0 < £ < ex} form a neighbourhood base for a locally compact 
and Hausdorff topology on X^{y). 

The prototypical examples of a Smale spaces are the shifts of hnite type, which we now introduce 
in a manner that will be convenient for dehning Putnam’s homology theory. A greatly expanded 
version of our treatment can be found in [121 Section 2.2]. 

A graph G = {G^,G^,i,t) consists of hnite sets G^ and G^, called the vertices and edges, such 
that each edge e G is given by a directed edge from i{e) G G° to t(e) G G°, see m Dehnition 
2.2.1]. A vertex n in a graph is called a source if = 0 and a sink if = 0. Throughout 

this paper G will always denote a hnite directed graph with no sources or sinks. Given a graph G, 
let Ag denote the adjacency matrix of G; that is, {Ag)vw = |{e G G^ | i{e) = v and t{e) = rc}|. 

The standard dehnition of a shift of hnite type is given in m Dehnition 2.1.1]. However, an 
equivalent, and more convenient for our purposes, dehnition is to suppose G is hnite directed graph 
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with no sources or sinks. Then a shift of hnite type (Sq, a) is dehned as the space of bi-inhnite 
sequences of paths 

Eg := {(e^)kez | e" G G and f(e*) = z(e*+i)}, 

with the shift map a(e)^ = which is a homeomorphism from Eg back to itself. A shift of 
hnite type becomes a Smale space with the bracket map and metric dehned in [191 Dehnition 2.2.5]. 
It is routine to verify that two points in Eg are stably equivalent if they are right tail equivalent 
and unstably equivalent if they are left tail equivalent. Finally, Theorem 2.2.8 in [19] shows that 
every totally disconnected Smale space is conjugate to a shift of hnite type. 

2.2. Maps on Smale spaces. Let (X, (p) and {Y,'ip) be Smale spaces. A map tt : {Y,'ip) —)■ (X, (p) 
consists of a continuous function tt ■. Y ^ X such that tt o 'ip = {p o tt. A map is called a 
factor map if vr : y —)■ X is surjective. In [T^ Theorem 2.3.2], Putnam proves that maps are 
compatible with the bracket map, and then a straightforward argument shows that for any y &Y 
we have 7r(y^(i/)) C X^{7i{y)). A map is said to be s-resolving if for any y E Y the restriction 
7r|yqy) : y^(j/) —)■ X^{7i{y)) is injective [8]. An s-resolving map is called s-bijective if for all y E Y 
the restriction vr|yqy) : Y^{y) —)■ X^(7r(i/)) is bijective. Of course, there are analogous dehnitions of 
u-resolving and u-bijective. In |T9l Theorem 2.5.6], Putnam shows that if vr : [Y, fj) —)■ (X, ip) is an 
s-bijective map, then (7r(y), ip\TT(Y)) is a Smale space. Moreover, suppose {Y, tp) is a non-wandering 
Smale space and vr : iY^ip) —)■ {X,ip) is an s-resolving map, then vr is s-bijective ([ini Theorem 
2.5.8]). 

Definition 2.2. Let (X, (p), (X,'?/’), and (Z,() be Smale spaces and tti : (X,ip) —>■ (Z,() and 
712 : (Y, %p) -E- {Z, () be hnite-to-one factor maps. Then the hbre product (of (X, cp) and (Y, pj) over 
the maps tti and 712 ) is dehned to be the space 

^ ^1X^2 ^ •= y)eX xY\ 7 ri(x) = 712(7/)}. 

It is a dynamical system using the map ip x pj. We denote this dynamical system as 

(X,V7) {Y,Pt) 

There are projection maps Pi : (X, ip) (X, pj) (X, ip) and P 2 : (X, ip) ^^x^^ (X, pj) -E- (X, pj). 

Fibre products are key to dehning Putnam’s homology theory. The hrst reason is that [191 
Theorem 2.4.2] implies that the hbre product of two Smale spaces is again a Smale space. The 
second is [13 Theorem 2.5.13]: suppose {X,ip) {Y,p!) is the hbre product in Dehnition 12.21 
and Pi,P 2 are the projection maps, then if tti is s-bijective so is P 2 . Similarly if 112 is u-bijective, 
then so is Pi. 

The hbre product can be iterated, and we will require X-fold hbre products over a single space. 
Suppose (X, ip) and (X, p:) are Smale spaces and tt : (X, pj) (X, ip) is a hnite-to-one factor map, 
then we dehne 

Yn{t^) = {{yo,yi, • • • ,7/Ar) e X^ I Ti{yi) = 7i{yj) for all 0 < i, j < X}. 

The map pj{yo,yi,... ,yN) ■= {tp{yo),p!{yi),... ,pj{yN)) ■ Yn^k) -)■ XAr(7r) makes {Ym{'k),P)) into 
a Smale space da Proposition 2.4.4]. Suppose {Y]\f{7i),pT) is an X-fold hbre product of {Y,p!) 
over {X,ip), and let pn denote deleting the nth coordinate of X7v(7r), then we dehne : Yj^^ti) —)■ 
XAr_i(7r) by 

Sn{yo, 2/1, • • • , 2/7v) = (2/0,2/1, • • • , 2/n, • • • , 2/7v)- (2.1) 

Putnam shows in da Theorem 2.5.14] that if tt : {Y,p)) (X, (p) is s-bijective, then 6n '■ 

{Yn{7t)^P)) —)■ {Ym-i{tt)^P}) is s-bijective for all X > 1 and 0 < n < X. 

Bowen’s Theorem [1[ Theorem 28] for Smale spaces says that if (X, ip) is a non-wandering Smale 
space, then there is a shift of hnite type (E, a) and a factor map tt : (E, a) —>■ (X, ip) such that tt is 
hnite-to-one and one-to-one on a dense subset of E. In order to construct his homology theory. 
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Putnam generalized Bowen’s Theorem to show that every non-wandering Smale space {X, (p) has 
an s/u-bijective pair as follows. 

Definition 2.3 ( [T^ Dehnition 2.6.2]). Suppose and {Z,() are Smale spaces. The 

tuple 71 = {Y, ijj, 7is, Z, (, Tiu) is called an s/u-bijective pair if 

(1) Tig ■ iXiij) —t {X^ip) is an s-bijective factor map, 

(2) Y^{y) is totally disconnected for all y eY, 

(3) Tiu ■ (yZ, () —)■ (X, (p) is a u-bijective factor map, and 

(4) Z'^(z) is totally disconnected for all z E Z. 

Theorem 2.4 (Putnam’s generalization of Bowen’s Theorem [T^ Theorem 2.6.3]). If {X,ip) is a 
non wandering Smale space, then there exists an s/u-bijective pair for (X, (p). 

Suppose (X, (p) is a Smale space with an s/u-bijective pair vr = (Y, Tig, Z, tTu). For L, M > 0 
let 

FL,M(7r) := {{yo, ■ ■ ■ ,yL,Zo, - ■ ■ ,Zm) \ yi ^ Y, z^ E Z, 7ig{yi) = 7iu{zm), 0 <l < L,0 <m < M}. 

Let a : be the map dehned by 

crL,M (7r)(i/o, ■■■ ,yL,zo,-- - ,zm) = {/{yo), ■ ■ ■ ,/{yL), C{zo), ■ ■ ■ X{zm))- 

For 0 < / < L and 0 < m < M, and dehne maps Si^ : T,l^m{'^) —^ Z,l_i^m{'^) and 6 
SL,M-i(vr) by 

{yo, • • • ,yL,zo, - ■ ■ , zm) = {yo, ■ ■ ■ ,yi, - ■ ■ ,yL,zo, - ■ ■ , zm), and 
d ,m{yo, • • • ,yL,Zo, - ■ ■ , Zm) = {yo, • • • ,yL,Zo, - ■ ■ , Z~m, ■ ■ ■ , Zm)- 

In [121 Theorem 2.6.6], Putnam proves that if vr is an s/u-bijective pair for (X, p>), then {T,l^m{t^), <l) 
is a shift of hnite type for all L,M > 0. Moreover, : T,l,m{'^) Z,l-i,m{'^) is an s-bijective 

factor map and S■ Z,l,m{'^) Z,l,m-i{'^) is a u-bijective factor map [HI Theorem 2.6.13]. 

2.3. Krieger’s dimension gronps for shifts of finite type. Wolfgang Krieger dehned two 
abelian groups associated to a shift of hnite type (S,(j) in [T3|. In Putnam’s homology theory, 
these are the homology groups for the zero dimensional Smale spaces. After formally dehning 
Krieger’s dimension groups, we give the properties of the dimension group required in this paper. 

Definition 2.5 1 [T31 fT4] ). Given a graph G, the dimension groups of (Sc, a) are dehned to be 

D/Eg, (^) ■= Ihn ^ ^ Z'^^' ^ ) 

and 

D“(Sg, (t) := lim (zl^°l ^ Zl^“l ^ Zl^”' ^ ), 

where Ac is the adjacency matrix of G. We denote elements in the inductive limit as [v,j] where 
V E and j E N. Moreover, since Aq and A/ are positive maps and {7,'^/^°^ is a semigroup, 
there are dimension semigroups D‘^{Eg, u)’*' and D“(Sg, a)~^ that dehne a natural order structure 
on D^{Eg,(j) and D“(Sg,(t), respectively. 

Definition 2.6. Given graphs G and H and a nonnegative integer matrix F / 0 such that 
FAg = AhF. We let F* denote the map from D^(Sg,(t) to D^{Eh,o') dehned (at the level of 
inductive limits) via [u, ?] hA \Fv, ?]. In a similar way, let F* denote the map from D^{EH,<y) to 
D“(SG,a) dehned via [v,j] ^ [F/,j]. 
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Given graphs G and H, a surjective graph homomorphism 6 : G ^ H is called a left-covering 
map if 6 : —>■ is bijective for all v E G^ and is a right-covering map if 9 : i~^{v} —)■ 

i~^{6{v)} is bijective for all v G G^. Left-covering maps give s-bijective maps at the shift of hnite 
type level. Similarly, right-covering maps give u-bijective maps at the shift of hnite type level. 

The dimension group is functorial with respect to s- and u-bijective maps. More precisely, if 
71 : (SgjCt) —)■ is s-bijective, then, as discussed in [191 Section 3.4], one obtains a map 

TT^ : —)■ D^(J2H,a). On the other hand, if vr is u-bijective, then, as in [191 Section 3.5], 

there is a map tt®* : o') —)■ o). Similar results hold for ■); the induced maps in 

this case are denoted by 7r“ and 7r“*, see [191 Sections 3.4 and 3.5] for further details. 

The next two propositions are special cases of Theorems 3.4.4 and 3.5.5 in [19], so the proofs 
are omitted. 

Proposition 2.7. Let 9 : G ^ H be a left-covering map. Then 0® : Zl®(EG,cr) —?■ D^{'Eh,o') is 

given by [v,j] t [Dv,j], where D is the matrix determined by Djj = 1 if 9o{J) = I and Du = 0 

otherwise. 

Proposition 2.8. Let 9 : G ^ H be a right-covering map. Then 0®* : Zl®(Siif,(j) —)■ D^ifLc^o) is 

given by [v,j] t [Ev,j], where E is the matrix determined by Ejj = 1 if 9 q{I) = J and Ejj = 0 

otherwise. 

The basic properties of the induced maps in the general case are summarized in the next propo¬ 
sition. Its proof is fairly straightforward using the functoriality results for the dimension group 
found in m Sections 3.4 and 3.5]. 

Proposition 2.9. Let vr : (S,(t) (S', a) be a factor map between shifts of finite type. Then 

(1) If 71 is s-bijective, then the induced maps vr® ; Zl®(S,(j) —)■ Zl®(S',(j) and 7r“* : —>• 

Zl“(E,cr) preserve the order structure and intertwine the automorphisms induced from the 
relevant shift maps. 

(2) If 77 is u-bijective, then the induced maps 7r“ : Zl“(S,cr) —)■ Z1 “(S',ct) and vr®* : Z1 ®(E',ct) —)■ 
Z1®(S,(t) preserve the order structure and intertwine the automorphisms induced from the 
relevant shift maps. 

Lemma 2.10. Suppose that (S,(j) and (S', a) are shifts of finite type and rj : (S,(j) —)■ (S', a) is 
a factor map, which is both s- and u-bijective and is n-to-one for some positive integer n. Then, 
fj^ orj^* = n ■ f(ii?3(s',cr) and vj^ o rf^* = n ■ idou^Y.' ,a) ■ 

Proof. We prove that 77 ® o r^®* = n • idu{s',a), the proof of the other equality is analogous. 

Let e G S' and E he a clopen set in S®(e). Then, [191 Theorem 3.5.1] implies that there is A; > 1 
and a family of subsets such that 

k 

r\E) = \jF, 

i=l 

and, for each l<i^j<k, no element in Ei is stably equivalent to an element in Ej. Moreover, 
since p is n-to-one 

7"^(e) = { fi ,..., fn }, 

and since p is s-bijective we also have fi fj for i ^ j. Since, for each 1 < i < A;, all elements 
in Ei are stably equivalent, we have that k = n and, by possibly reordering, we can assume that 
fi G Ei for each i. 

Next, we show that p{Ei) = E for each i. Fix e' G E, then using an argument similar to the 
one in previous paragraph, we obtain /' G Fj such that p{f') = e', and hence p{Ei) = E. Finally, 
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using Theorems 3.4.1 and 3.5.1 in [19], we have that 

W o = >7 '([-Fi1 + ■ ■ ■ + TJ) = n ■ IE], □ 

If one assumes the Smale spaces in many of our results in this paper have certain recurrence 
properties, then the assumptions on the maps can be weakened. For example, we have the following 
result from [6] , which shows that the n-to-one hypothesis in the Lemma 12.101 is automatic if the 
shifts of hnite type are irreducible. 

Theorem 2.11 (|6l Theorem 3.3]). Suppose n : {Y,'il!) —)■ {X,ip) is a factor maps between irre¬ 
ducible Smale spaces which is both s- and u-bijective. Then n is n-to-1 for some positive integer 
n. 

2.4. Putnam’s homology theory for Smale spaces. Putnam’s homology theory generalizes 
Krieger’s dimension groups to all Smale spaces possessing an s/u-bijective pair. We hrst briefly 
dehne Putnam’s homology theory and then give the results required in the sequel. 

The complexes required to dehne Putnam’s homology theory are dehned in [T9l Section 5.1]. For 
completeness we give a heuristic description, starting with m Dehnition 5.1.1]. Suppose (X, ip) is a 
Smale space possessing an s/u-bijective pair vr. For each L,M > 0, let C'^( 7 r) 2 ,,M = 
and let C''{7t)l,m = 0 if L < 0 or M < 0. Let d%7i)L,M ■ C%'k)l,m -t +i be 

the maps dehned by 

d‘(nV,M = + Y. 

0<1<L 0 <m<M+l 

An analogous dehnition holds for unstable sets, see [191 Dehnition 5.1.1 (2)]. 

For iV e N, we let Sjq denote the associated permutation group. For each L,M > 0 the group 
5^+1 X Sm +1 acts on and the action commutes with the dynamics. For L^M > 0 , m 

Dehnition 5.1.5 (4)] dehnes a complex Dq by taking subgroups, quotients, and images 

of with respect to the action of Sl+i x Sm+i- Then [TH] Dehnition 5.1.7] dehnes 

uij)) and lets dQj^{n)L^M be the boundary map on Cq induced 

from d^{7i)L,M- The complex has only a hnite number of nonzero terms, as shown in [T9[ 

Theorem 5.1.10]. We then have the following dehnition. 

Definition 2.12 ([191 Dehnition 5.1.11]). Suppose tt is an s/u-bijective pair for {X,ip). Then 
(tt) is the homology of the double complex (iFg ^ 4 ( 71 ), dg ^^(Tr)) given by 

Lf^( 7 r) := Ker 0 c?Q,A(^)FM)/lni 0 d^Q,Ai'^)L,M) ■ 

L-M=N L-M=N+1 

The homology groups are dehned analogously. 

Putnam shows in m Theorem 5.5.1] that id® is independent of the s/u-bijective pair tt, and 
hence dehnes a homology theory for (X, ip) denoted 77/(X, (p). 

Suppose there exists an s/u-bijective pair for (X, ip), then the functor that associates a sequence 
of abelian groups 77/(X, (p) to (X, (p) is covariant for s-bijective factor maps and contravariant for 
u-bijective factor maps (in the same way as in Section IT^ . On the other hand the functor that 
associates a sequence of abelian groups Hf{X,(p) to {X,ip) is contravariant for s-bijective factor 
maps and covariant for u-bijective factor maps (in the same way as Section !?^ . For further details 
see [IS] Section 5.4]. The notation for these functors is given in the next dehnition. 

Definition 2.13. Let {X,ip) and be Smale spaces which each have an s/u-bijective pair. 

Also let TT : (X, p>) —)■ (y, f)) be a factor map. Then 

(1) If TT is s-bijective, then the induced maps on homology are denoted by : H^{X,ip) -A- 
and vr^* : H^(Y,f:) H^{X,ip). 
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(2) If TT is u-bijective, then the induced maps on homology are denoted by 7r“ : H'^{X, ip) 
and vr'** : H%X,ip). 

Proposition 2.14. Let {X,ip) and {X',ip') be Smale spaces. If rj : {X,ip) —)■ {X',ip') is both s- 
and u-bijective and is n-to-one for some positive integer n. Then, o = n ■ idu^ix',ip') 

rf op'^* = n- idHuf^x',if')- 

Again, we note that when the Smale spaces are irreducible, the assumption that the map is n- 
to-one can be removed, since it is automatic in this case, see Theorem 12.111 (which is [HI Theorem 

3.3|). 

Proof. We prove that rj^ o = n ■ id, the proof of the other equality is similar. 

Let tt' = {Y', fj', n'g, Z', 7i[f) be an s/u-bijective pair for {X', ip'). Following [191 Theorem 5.4.2], 

we have that 


iY,fj) := (X,(p)^x,, {Yjfj’) 

{Z,C) := {X,p>)^x^,jZ',C) 

such that Tis := Pi : {X, ip) {Y', fj') (X, ip) and := pi : (X, ip) ^x^^ (X, (') -)■ (X, ip) are 
an s/u-bijective pair for (X, <p); we denote it by tt. Moreover, we have a commutative diagram 

^ (x,(p) ^- (Z,C) 

TTs TIu 


rjY 



rjz 


{Y',fj') {X',ip') (X,C') 

where py ■= P 2 ■ {X,ip) ^x^, ^ {Y','if') and pz ■= P 2 ■ {X,ip) ^x^^ {ZjC) {Z',C). 

It follows from standard properties of hbre products (compare with [HI Proposition 8.3.3]) that 
Py and pz are s-bijective, u-bijective and n-to-one. For each L > 0 and M > 0, in [191 Section 
5.4] Putnam dehnes a map 

V^L.Mp) ■ t 

Again, using properties of hbre products it follows that py^ is also s-bijective, u-bijective, and 
n-to-one. 

Lemma [2.101 implies that, for each L > 0 and M > 0, the map 

{v^l.mmY ° -D''(SL,M(7r')) 

is equal to n • idD’>{T.L mP))- Since the map on homology is induced from this map, it follows that 

p'^ o p^* = n ■ idH»{x',^')- □ 


Proposition 2.15. Putnam’s homology theory has the following basic invariance properties: 

( 1 ) {Hj^{X,ip), {ip~^y) and {Hf{X,ip),ipy are conjugacy invariants. 

(2) For any I > 1, H^{X,ip) = H^{X,ipY and Hf{X,ip) = Hf{X,(p'-), and these isomorphisms 
are natural under the identifications {(p^'Y = {(pY’' and {(p^Y = ( 9 ?“)^ 


We now have the following proposition, whose proof follows directly from the results in [THl 
Sections 5.4 and 5.5]. 


Proposition 2.16. Let {X,ip) and {Y,Y) be nonwandering Smale spaces and n : {X,ip) {Y,Y) 
be a factor map. Then 

(1) If n is s-bijective, then the induced maps tt^ : H^{X,ip) —)■ H^{Y,Y) and 7 r“* : H’^{Y,Y) 
iL“(X, (p) intertwine the automorphisms induced from ip and Y. 

(2) If Ti is u-bijective, then the induced maps 7 r“ : H'^{X,p)) —)■ H'^{Y,Y) and tt'^* : H^{Y,Y) 
H’^{X,ip) intertwine the automorphisms induced from ip and Y. 
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Remark 2.17. At present the definition of an order on Hq{X,ip) respectively Hq{Y,ip) has not be 
defined. However, it is likely that such orders exist, [T^ Section 8.1]. If the maps induced from s- 
and u-bijective maps respect these orderings, then “ordered” can be added to the previous theorem 
in the same manner as in Proposition 12.91 

2.5. Almost one-to-one factor maps and Per(X, 93 ). 

Definition 2.18. Suppose {X,ip) is a Smale space, (H, i/;) is an irreducible Smale space, and 
TT : {X, if) —)■ (y, 'll)) is a finite-to-one factor map. Then 

deg(7r) := minjcard (vr’ -^2/}) \ yeY} 

where card(A) denotes the cardinality of the set A. Moreover, tt is called almost one-to-o'ne if 
deg(7r) = 1. 

Definition 2.19. Suppose {X,ip) is an irreducible Smale space. Then 

Per(X, (f) := gcd{n G N | per„(X, (p) 7 ^ 0 } 
where per„(X, ip) denotes the set of periodic points of period n in (X, ip). 

Lemma 2.20. Suppose that 'll : (X, (p) (X, t/’) o,n almost one-to-o'ne factor map between 

irreducible Smale spaces. Then, Per(X, (p) = Per(y,-^). 

Proof. To begin, we show that Per(y, -0) divides Per(X, (p). To this end, suppose that 1 / G X is a 
periodic point of least period 1. Since tt is onto, there exists x E X such 'k{x) = 'y. Hence, for any 
i G N, 

Ti{p>"\x)) = 'iP"\ti{x)) = 'ip^\y) = y. 

Since vr is finite-to-one, the pigeonhole principle implies that x is periodic. Furthermore, if k is the 
least period of x, then 

= i/>^(7r(x)) = Ti{ip^{x)) = 7r(x) = y, 

from which it follows that I divides k, and hence that Per(X,'^) divides Per(X, (p). Let q be the 
quotient. We will show that q = 1. 

Smale’s decomposition theorem [IHl Theorem 2.1.13] implies that X = X 1 UX 2 U • • • UXpeqx.^^) 
where each Xj is clopen and is mixing for each i. Similarly, we have that X = 

X 1 UX 2 U • • • UXper(yp) where each Yj is clopen and {Yj, |) jg mixing for each j. Since tt is 

almost one-to-one, it is routine to see that the set of points with unique preimage is dense in Y. 
We proceed by assuming that q > 1 and we arrive at a contradiction by showing this assumption 
leads to the existence of an open set in which every point has at least two preimages. 

Suppose g > 1 and let x G Xj. Then 7r(x) G X and hence 7r(x) G Yj for some j. Now suppose 
x' G Xj, we will show that 7r(x') G Yj. Mixing implies that X®(x) is dense in Xj, so there is a 
sequence which converges to x' and x„ x for each n. We have that each 7 r(x„) G Yj and 

they converge to 7r(x'). Since Yj is closed, tt{x') EYj. To summarize, we have showed that there is 
unique j such that vr(Xj) C Yj. Since Per(X,is the least integer, k, such that 'ip^{Yj) n Y,- 7 ^ 0 it 
follows that the components of X which map into Yj are precisely those components (p™''^®''AX)(^Xj) 
for 0 < m < g. 

If 7 r(Xj) = Yj, then 7 r(<p^®^A.b)(^Xj)) = ' 0 ^®^A.b)(^ 7 r(Xj)) = Yj and Yj is the open set which gives 
the contradiction. 

If 7 r(Xj) 7 ^ Yj, let L be the greatest integer such that U^g 7 r((p''^®''AA)(^Xj)) 7 ^ Yj and let 
X = U^Q<j 3 ^'^®''*^^’^^(Xj). X is compact, and hence so is 7 r(X). It follows that U = 7 r(X)‘^ C 
is open and non-empty. Since 7 r(Xj) 7 ^ Yj, it follows that 7 ^ 
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Yj, SO y = C 7r{X) is open and non-empty. The fact that jg mixing 

on Yj and the fact that Per(X, (p) = q ■ Per(y, -0) then imply that there exists M such that 

n 1/ ^ 0. 

Recall that 

^ ^^^M.Per(X,¥.)^(L+l).Per(Y,p)('js^.^^ ^ TT(X^)). 

SO we have an open set contained in 7r(X) fl (^Xi)). Now, each point y in this open 

set has at least two preimages, and as above this is a contradiction to g > 1 and therefore we must 
have g = 1 and Per(y, 'ip) = Per(X, p). 

□ 

3. Finite equivalence and almost conjugacy 

The dehnitions of hnite equivalence and almost conjugacy for shifts of hnite type (see m 
Dehnitions 8.3.1 and 9.3.1]) naturally generalize to other dynamical systems. Among the hrst 
instances of this type of generalization go back to Parry [15] and Adler and Marcus |1]. However, 
the dehnition of a Smale space appeared after [15] and [T], so we give a self-contained treatment 
of hnite equivalence and almost conjugacy for Smale spaces. However, we note that the results of 
this section are not new since they follow easily from BE], and are included for completeness 
and to emphasize the power of combining results for shifts of hnite type and Bowen’s theorem. In 
contrast, we will see in Section IHthat such proofs cannot be used to obtain results on the existence 
of correspondences for general Smale spaces. 

Definition 3.1 ([151 P-89], also see HI Dehnition 8.3.1]). Let {X,p) and (F,"0) be Smale spaces. 
Then a finite equivalence between (X, p) and {Y, -0) is the following diagram: 


(Af.fi) 



(XU (LV) 

where 

(1) (M,/i) is a Smale space; 

(2) Tlx and vry are hnite-to-one factor maps. 

Proposition 3.2 ([151 P-89], also see m Proposition 8.3.4]). Finite equivalence for Smale spaces 
is an equivalence relation. 

Proof. By HHl Theorem 2.4.2], the hbre product of two Smale spaces over factor maps is again a 
Smale space. Now the proof of m Proposition 8.3.4] generalizes to Smale spaces with hnite-to-one 
factor maps with only minor changes. □ 

Proposition 3.3 (cf. [THl Theorem 1 and Lemma 2], also see [TTl Theorem 8.3.7]). Two irreducible 
Smale spaces are finitely equivalent if and only if they have the same entropy, and the forward 
implication holds for general Smale spaces. 

Proof. Since hnite-to-one factor maps preserve entropy B Problem 8.2.6], hnitely equivalent Smale 
spaces have the same entropy. 

For the other implication, let (X, p) and (F, ip) be irreducible Smale spaces with equal entropy. 
Bowen’s theorem ^ implies there exist shifts of hnite type (Ex, o') and (Sy,(T) and hnite-to-one 
factor maps 

T]x ■ (Sx, cr) (X, p) and t]y ■ (Sy, a) (F, 0). 


12 


ROBIN J. DEELEY, D. BRADY KILLOUGH, AND MICHAEL F. WHITTAKER 


Since (X, 99 ) and are irreducible, we can also choose (Sx,cr) and (Sy,cT) to be irreducible. 

Furthermore, £nite-to-one factor maps preserve entropy [9l Problem 8.2.6], so (Sx,cr) and {’Ey, o') 
have the same entropy. Hence, m Theorem 8.3.7] implies (Sx,cr) and (Sy,(T) are hnitely equiv¬ 
alent as shifts of hnite type, see m Dehnition 8.3.1]. That is, there exists a diagram 

{Em, o) 





where 

(1) {Em, O') is a shift of hnite type; 

( 2 ) and are £nite-to-one factor maps. 
Thus the following diagram is a hnite equivalence: 


{Em, O ') 

rjx o \r]Y O TTSy 


{X,^) 


{y,i^) 


□ 


Next we consider almost conjugacy in the setting of irreducible Smale spaces. 

Definition 3.4 ([H Dehnition 2.16], also see [TTl Dehnition 9.3.1]). Let (X, (p) and {Y^'i/j) be 
irreducible Smale spaces. Then an almost conjugacy between (X, ip) and (D, 'ij) is a diagram 


(Af.fi) 



(Vv>) (LV) 


such that 

(1) {M,yi) is a Smale space; 

( 2 ) Tlx and vry are hnite-to-one almost one-to-one factor maps. 

Proposition 3.5 ([U Theorem 2.17]). Almost conjugacy for irreducible Smale spaces is an eguiv- 
alence relation. 

Proposition 3.6 (cf. [U Corollary 13.2], also see [Ml Theorem 9.3.2]). Two irreducible Smale 
spaces, {X,ip) and{Y,%j), are almost conjugate if and only if they have egual entropy andPeY{X,ip) = 
Per(y, fj). 

Proof. Suppose {X,ip) and {Y,fj) are almost conjugate. Since any almost conjugacy is a hnite 
equivalence, (X, p) and {Y, fj) have equal entropy by Proposition 13.31 In addition. Lemma 12.201 
implies that Per(X, 99 ) = Per(y,-0). 

Now suppose (X, (p) and {Y,'ip) have equal entropy and Per(X, (p) = Per(y, 0). Then Bowen’s 
theorem implies there are irreducible shifts of hnite type (S^, cr) and (Ey, a) and almost one-to-one 
factor maps ttx and vry such that 

TTx : (Ex, cr) -)■ (X, p) and Ty : (Ey, a) -)■ {Y, 0). 

Moreover, since hnite-to-one factor maps preserve entropy [21 Problem 8.2.6], {Ex,o') and (Ey,(T) 
have the same entropy as {X,p) and (D,0), respectively. Thus {Ex,o') and (Ey,(j) have equal 
entropy as well. Now Lemma [2.201 implies that 


Per(Ex, a) = Per(X, p) = Per(X, 0) = Per(Ey, a), 
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and m Theorem 9.3.2] implies that (Sx,cr) and {'Ey, a) are almost conjngate. It follows that 
{X,(p) and (Y,'ip) are also almost conjngate (the details are similar to the proof of Proposition 

ra . □ 


4. Correspondences 


While the results in the previous section on hnite equivalence and almost conjugacy for Smale 
spaces naturally generalize from those for shifts of hnite type, our main goal in this paper is 
the construction of “generalized morphisms” between Smale spaces. In particular, from such a 
morphism we would like to obtain a map at the level of Putnam’s homology theory for Smale 
spaces; a hnite equivalence or an almost conjugacy does not naturally give such a map in general. 
We must put further conditions on the maps in a hnite equivalence to get an induced map. 


Definition 4.1. Suppose {X,ip) and are Smale spaces. A correspondence iiom {X,ip) to 

{Y, 'll:) consists of: 

(1) a Smale space 

(2) a M-bijective map tIu ■ (Af, p) —)■ {X,ip); and 

(3) an s-bijective map Tig ■ (Tf, p) —)■ 

We write correspondences as 


(M,p) 








Correspondences satisfy both the requirements mentioned at the beginning of this section. They 
naturally give rise to maps on homology and give a notion of a generalized morphism between 
Smale spaces, in the sense that two correspondences can be composed. Using the notation of the 
dehnition of a correspondence, the induced maps are dehned by 

nloT,:; ■.H\X,^)^H\Y,^l:) and 
<o7rr 

Definition/Lemma 4.2. The composition of correspondences 





and 





is dehned to be the correspondence 


(M,p) 

{-Ku O Pl)X ° P-i) 






where (M,p) is the hbre product and Pi and P 2 are the projection maps (see 

Dehnition 12.2p . 


Proof. Our hrst goal is to show that composition of correspondences is compatible at the level of 
the maps induced on homology; that is, we show that 


« o p,)^ o (vr. o P,)- = « O <-) o « O <*) 


( 4 . 1 ) 
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To show this, consider the diagram 





(X, (y, ^lJ) (Z, r^) 


By [IHl Theorem 5.4.1], we have 

« O P^y o (vr^ o P,y* = «)^ o (P 2 )« o {P,y* o (vrj- (4.2) 

By P Theorem 5.1] (see Remark 14.31 belowi. we have 

{P,r O {P,y* = «)- o ( 7 ^,)^ 

and substituting this into the right hand side of fl4.2p gives fl4.ip . which is the desired result. □ 

Remark 4.3. The statement of Theorem 5.1 in [ 6 ] contains the assumption that the hbre product 
space is nonwandering; this assumption is superfluous. In particular, it follows from the proof of 
[ 6 l Theorem 5.1] that the class of Smale spaces which have an s/u-bijective pair is closed under 
taking hbre products over s- or u-bijective maps. 

4.1. Correspondences for subshifts of finite type. For shifts of hnite type, the existence of 
correspondences and hnite equivalences are equivalent. In particular, we add correspondences to 
the list of equivalent statements in [TTl Theorem 8.3.8] (which hrst appeared as Theorem 1 and 
Lemma 2 in [15]) as follows. 

Theorem 4.4 (reformulation of [HI Theorem 8.3.8]). Let G and H he irreducible graphs. Then 
the following are eguivalent 

(1) (Sccr) and {ThtC) are finitely eguivalent; 

(2) (Sccr) and (Sj:^,(j) have egual entropy; 

(3) There exists a nonnegative integer matrix F 7 ^ 0 such that FAq = AfjF; and 

(4) There is a correspondence from (Eg, cr) to (S//,ct). 

Proof. The proof of m Theorem 8.3.8] shows the equivalence of (1) - (3) and that (3) induces 
a hnite equivalence between (Eg, c) and (E/^, a) where the maps ttx and Ty can be taken to be 
right-covering and left-covering maps, respectively. Then (3) implies (4) follows from [HI Theorem 
2.5.17], which asserts that right-covering maps are w-bijective and left covering maps are s-bijective. 
Finally (4) implies (1) follows from the dehnitions and [HI Theorem 2.5.3], which implies that s- 
and u- bijective maps are hnite-to-one. □ 

Remark 4.5. A comment on the proof of HI Theorem 8.3.8] is in order. To dehne a hnite equiva¬ 
lence, a Smale space (M, /i) was constructed in the proof. This Smale space is also required in the 
dehnition of a correspondence. We note that no assumptions are required on (M, p,). On the one 
hand, since (Eq, a) and {Th^ct) are irreducible, (M, p,) can be taken to be irreducible if desired. 
On the other hand, the process of restriction to an irreducible component of maximal entropy (see 
[m 8.3.6]) does not respect the map induced on homology; explicit examples can be produced 
using the full two shift. Secondly, we have reversed the edge directions in the graph M implicitly 
constructed in the proof of Theorem 14.41 The P-edges in [IT] have initial vertex in G and terminal 
vertex in H, ours have initial vertex in H and terminal vertex in G. This is because our matrix P 
appears on the left of Aq while theirs appears on the right. 
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As we have mentioned above, we are interested in the map induced by a correspondence at the 
level of Putnam’s homology theory for Smale spaces. For the following theorem, recall that the 
homology of a shift of hnite type is its dimension group. 

Theorem 4.6. Let G and H he irreducible graphs and F be a nonzero, nonnegative integer matrix 
such that FAq = A^F. Then, using the notation of Definition \2.(k there exists a correspondence 


(T,m, O ') 



(Sccr) 



(4.3) 


such that 

< ° K* = F* and < o = F*. 

Proof. In the proof of Theorem 14.41 given F such that FAc = AhF, we used [TTl Theorem 8.3.8] 
to construct the correspondence f|4.3p where 7r„ and tTs are induced from right-covering and left¬ 
covering maps, respectively. However, there are choices involved in the construction of both maps 
TTu and Tig as well as in the graph M, but any choice will lead to the desired result. To see this, 
note that the choices determine the edges of M, but not its vertices. Our proof only involves the 
vertices and the maps on the vertices of the relevant graphs. 

Given the left and right covering maps. Propositions 12.71 and 12.81 falso see [TTl Dehnitions 2.4.11 
and 8.2.4]) dehne 0-1-matrices D and E, associated to tTs and vr^, respectively. Let an F-edge e be 
a vertex in M, then E^j is one if t{e) = J and zero otherwise and F/e is one if i{e) = I and zero 
otherwise. 

{DE)ij = Die- Eej = |{F-edges from J to J}| = Fjj. 

eSMO 

This shows that 7rf o = F*. The proof that 7r“ o 7 r“* = F* follows by taking transposes of D, 
E, and F. □ 


The above proof relies heavily on the construction of a correspondence from an intertwining 
matrix as described in the proof of HI Theorem 8.3.8]. As noted, there are “choices” in this 
construction which lead to different correspondences. The fact that these choices do not change 
the resulting map on homology indicates that in some sense the different correspondences are 
“equivalent”. In the following section we will dehne several notions of equivalent correspondences 
and we will say more about the current situation in Example 15.61 


5. Equivalences between correspondences 

In this section we introduce several notions of equivalence of correspondences. In Section 15.11 
we dehne four notions of equivalence on correspondences, each leading to a notion of invertibility. 
Section 15.21 shows that each notion of invertibility at the correspondence level leads to an equiva¬ 
lence relation at the Smale space level. In Section 15.31 we consider equivalences based on only the 
existence of correspondences rather than ones associated to correspondences that induce particular 
maps on homology. In section 15.41 we study the implications of the existence of a correspondence 
on the dimensions of the Smale spaces involved. 

5.1. Equivalences of correspondences. We present four notions of equivalence for correspon¬ 
dences. 
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Definition 5.4. We say that correspondences 


(Mo,uo) 



(X,(p) {y,2P) (x,(p) {y,2P) 


are rationally H-equivalent if there exists nonzero O' G Q such that 

(1) (ttIi 0 idn) o (tt^* 0 idn) = q ■ (( 71^2 ® ° (K 2 ® and 

(2) «1 o idq) O (tt^* 0 = g ■ ® ° «2 ® 

as maps on the rationalization of Putnam’s homology theory (e.g., 7r|i 0 idg : 0Q—>' 

/f^(F,V>)0Q). 

Proposition 5.5. We have the following relationships between the four notions of the equivalence: 

(1) Isomorphic implies rationally isomorphic, H-equivalent, and rational H-equivalent. 

(2) H-equivalent implies rationally H-equivalent. 

(3) Rationally isomorphic implies rationally H-equivalent. 

Proof. The proof of the first two items is routine. For the final item, suppose that 





(X,(p) {Y,fj) (X,(p) 


are rationally isomorphic and 61 : {M,yi) —>■ (Mi,/ii) and 6*2 : —)■ (M2,/i2) are both s- and 

u-bijective where 61 is rii-to-one and 62 is n2-to-one, as in Definition [521 We show that there exists 
nonzero q E Q such that 

0 idq) o (vr^* 0 idq) = q ■ ((<2 0 idq) o (<*3 ® idq)) , (5.1) 

and note that the proof of Definition 15.41 (2) is analogous. 

To show fl5.ip . Proposition 12.141 implies that 

6*1 o 01 * = ni ■ idHs(Mut,i) and 6*2 o 6*^ = na • idH->{M 2 ,ti 2 ) 

The result now follows from the commutative diagram in Definition 15.21 and the computation: 

ni • (tt®! o Till) = (vr^i o 6'i)^ o (tt^i o 

= { t ^ s 2 O 02 )" O ( 7 r „2 O 02 )"* 

= ’^2-«2°<2)- □ 
We note that the reverse implications in Proposition 15.51 are all false, see Example 15.191 

Example 5.6. Consider the set-up of Theorem 14.61 and the Lind-Marcus process for constructing a 
correspondence employed in the proof. Let 

(Smi.c) (TiMn-.O') 



(J^gW) (J^hW) (SgW) 


be two correspondences constructed from the Lind-Marcus process by making different “choices” 
(see m p.g. 287]). Theorem 14.61 implies that the correspondences are H-equivalent. It is straight¬ 
forward to come up with examples where different choices lead to T^Mi and which are not 
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conjugate, and hence correspondences which are not isomorphic. In fact, such examples can be 
constructed with Sc and both equal to the full 2-shift. 

Remark 5.7. It is worth noting that each of the four notions of equivalence of correspondences 
“behave well” with respect to composition of correspondences. More precisely, if 


(M,pi) 






iY.tlj) 


is a correspondence and 


and 


(M2,P2) 






(Z.?) 


are correspondences which are equivalent under one of the four notions of equivalence. Then 







(Ml, /ii) 

.Ml o P2 

(z,i) 


and 





{X^if) 


(M2,P2) 

O P 2 


(5.2) 


are equivalent (under the same notion of equivalence). The equivalence relation for which this is 
the least obvious is rational isomorphism, but in this case if 


(M',/i') 



(Ml, /ii) 



(M2,/i2) 


is a correspondence which gives the rational isomorphism (see Dehnition 15.2p . then 

(M,p) (M',/iO 

id X Oi/P \id X 6*2 


(M,/i) 


y/ 

TTs TTtil 


(Mi,pi) (M,p) 


'Ps 7Tu2 


(M2, P2) 


gives a rational isomorphism between the correspondences in fl5.2p . We leave it to the reader to 
verify the details. 

5.2. Equivalence of Smale spaces. Each notion of equivalence leads to a natural notion of an 
invertible correspondence: 

Definition 5.8 (Strongly Invertible). A correspondence 


(M,p) 



(X,-P) 



is strongly invertible 
(respectively rationally invertible) if 
there exists a correspondence 


(M', f,') 






such that the composition in one order is isomorphic (respectively, rationally isomorphic) to the 
identity correspondence on {X, ip) and in the other order is isomorphic (respectively, rationally 
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isomorphic) to the identity on {Y,ip). The second correspondence will be called the strong (re¬ 
spectively rational) inverse of the first. 

Definition 5.9 (TT-Invertible). A correspondence 


(M,/i) 



is H-invertible if 
there exists a correspondence 





{Y,2P) (X,(p) 


such that 

«)' ° (O'* ° < o <* = idH^ix,<p) 

< ° <* ° (0“ ° (0“* = 

< ° <* ° «)' ° (O'* = iO(Y,y) 

[71J o (vrj 0 71^0 71^ - . 

In other words, the composition of the correspondences in each of the possible orders is H- 
equivalent to the identity correspondence. In a similar way, a correspondence is rationally H- 
invertible if there exists a correspondence such that the the composition of the correspondences in 
each of the possible orders is rationally if-equivalent to the identity correspondence. 

Remark 5.10. Inverses are not unique, but are unique up to the appropriate notion of equivalence 
of correspondences. For example, “the” rational inverse to a given rationally invertible correspon¬ 
dence is unique up to rational isomorphism. This follows from a short argument which uses the 
definition of inverse and Remark 15.71 

In summary, we have four notions of invertibility for a correspondence. Associated to each 
notion of invertibility is an equivalence relation on Smale spaces: 

Definition 5.11. Given Smale spaces [X^ip] and [Y^ip), we write [X^ip) ~ {Y,'il>) if there exists 
an invertible correspondence from {X,ip) to {Y,‘ip). We denote these four equivalence relations on 
Smale spaces respectively by strong, ^h, ^Rat, and -^Rat-n- 

We note that equivalence for correspondences is distinct (but related) to equivalence for Smale 
spaces. Compare if-equivalence for correspondences in Definition [53] with if-equivalence for Smale 
spaces, defined immediately above; context should make clear whether a given equivalence is 
between Smale spaces or correspondences. 

Proposition 5.12. The relations, ^strong, ^h, ^Rat, ^Rat-n cire equivalence relations. More¬ 
over, we have the following relationships between the four notions of the equivalence on Smale 
spaces: 

( 1 ) '^strong impHcS '^Rat, and '^Rat—H’ 

(2) implies Rat-H¬ 
id) ^Rat implies ^Rat-n- 

Proof. The proof that each relation is an equivalence relation is similar in each case; we give the 
details in the case of ^strong- The identity correspondence is a strongly invertible correspondence, 
hence for any Smale space iX,ip), we have iX,ip) ^strong iX,(p). If iX,ip) ^strong (T,'0), then, by 
definition, there exists strongly invertible correspondence from [X, ip) to [Y, tp). The strong inverse 
of this correspondence is a strongly invertible correspondence from (R, V’) to iX,p>). Finally, if 
iX,ip) ^strong 0^,'^’) and iY,fj) ^strong (^,(), then a fibre product construction similar to one in 
the proof of Proposition 13.21 implies that (X,(p) ^strong (T,'^). The second part of the proposition 
follows from Proposition 15.51 □ 
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Proposition 5.13. Let (X, (^) and (Y,'ip) be Smale spaces. If {X,ip) ^rat-H then 

{H%X,ip) ^id) = ^id) and (5.3) 

{H^{x, ip) 0 Q, 0 id) ^ {Hyr, y) 0 q ,0 id). ( 5 . 4 ) 

Proof. We prove fl5.3p and note that fl5.4p is analogous. To prove fl5.3p we will construct an explicit 
isomorphism from a given rationally if-invertible correspondence from (X, 93 ) to {Y,y). As such, 
£x respectively such a correspondence and its inverse 





(x,(p) {Y,y) {Y,y) (x,(p). 

By the definition of rational ii-invertibility (see also Dehnition 15.4p there exists a non-negative 
rational number q such that 

«2 ° <2 ° 71^1 o Ki) ®idQ = q- idHs(x,v)m and 

«i ° ° <2 ° <2) ®idQ = q- idH^(Y,i,)m- 

Hence ip := o 0 zc^q is an isomorphism, which interwines the maps on homology induced 
from the map dehning the dynamics. □ 

Theorem 5.14. There exists a strongly invertible correspondence 


(M,/i) 



{X,ip) 





if and only if (X, ip) is conjugate to iY,^!). 

Proof. To prove that a conjugacy leads to a strongly invertible correspondence, let $ : (X, ip) 
{Y,y) be a conjugacy. Then 





{X,v) TV) 


and 


{Y,y) 




-1 


{Y,y) (x,v?) 


are strong inverses. 

For the other direction, let 


(M',/i') 



{Y,y) (X,^) 


be a strong inverse to the correspondence in the statement of the theorem. Then 

o Pi/ \ir', o P 2 


(A'.p) 


(A'.T 


is strongly equivalent to the identity eorrespondenee with a conjugacy 0 : (A/.p) {M'.ji') — t 

(X.ip). It follows that Ttu o Pi — 0 — wjo P 2 . Therefore ttu and w' are conjugacies. A similar 
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argument, composing in the opposite order, shows that and vr^ are conjugacies, and therefore 
(X, (p) is conjugate to (Y,'ip). □ 

We are now able to justify the statement in the introduction that strong equivalence of Smale 
spaces generalizes strong shift equivalence for shifts of finite type. 

Corollary 5.15. Let (S,cr) be a shift of finite type and {X,ip) a Smale space. Then (S,cr) is 
strongly equivalent to (X, ip) if and only if (X, ip) is a shift of finite type and (S, a) and (X, (p) are 
strong shift equivalent. 

Proof. This result follows from the previous result and [El Theorem 7.2.7]. □ 

Lemma 5.16. Let (S,cr) he a shift of finite type and (X, (p) a Smale space. Suppose that there 
exist correspondences 


iMi.uij iMo.Ui) 



(X,(p) (S,cr) (S,cr) (X, (p) 

Then (X, (p) is a shift of finite type. 

Proof. The fact that S is totally disconnected and vr^i is a £nite-to-one factor map from (Mi, pi) to 
(S, a) imply that Mi is also totally disconnected. Similarly, M 2 is also totally disconnected. Then 
[T^ Theorem 2.2.8] implies that both (Mi,/ii) and {M 2 , ^, 2 ) are shifts of hnite type. Furthermore, 
the fact that tt^i is u-bijective and 71^2 is s-bijective imply that (X, ip) has totally disconnected 
unstable and stable sets; hence it is also a shift of hnite type. □ 

Corollary 5.17. Let (S,(t) he a shift of finite type and (X, (p) a Smale space. If (S,ct) and 
(X, tp) are equivalent using any of the four notions of equivalence considered in the statement of 
Pro'position \5. m then (X, (p) is a shift of finite type. 

Proof. The result follows immediately from Lemma 15.161 □ 

The following theorem justihes our claim that M-equivalence of Smale spaces generalizes shift 
equivalence for shifts of hnite type. 

Theorem 5.18. Let (S^,ct^) he a shift of finite type and (X, (p) a Smale space. Then (S^,(Ta) is 
H-equivalent to (X, <p) if and only if (X, (p) is a shift of finite type and {T,a,o'a) cind (X, (p) are 
shift equivalent. 

Proof. Corollary 15.171 implies that if (S^,(Ta) is M-equivalent to {X,ip), then (X, (p) is a shift of 
hnite type. Thus, it suffices to prove the the theorem in the case that {X,ip) = (Es,cr) is a shift 
of hnite type. 

For the forward direction, suppose 


(M,/i) 



(SA,cr) (Ss,a) 

is an M-invertible correspondence. It follows that (M, /i) is also a shift of hnite type. Moreover, 
the dimension groups of the two shifts of type are isomorphic; that is, a) = ct) and 

= Zl“(Ss,cr). By Proposition 12.91 this isomorphism preserves the order and automor¬ 
phism induced from the shift. Then [El Theorem 7.5.8] implies that (S^,ct) and (SB,cr) are shift 
equivalent. 
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For the reverse direction, suppose (S^,cr) and (Sb,(t) are shift equivalent (see [HI Dehnition 
7.3.1]). By dehnition, there exist non-negative integer matrices R and S such that AR = RB, SA = 
BS, RS = A\ and SR = for some I G N. Theorem 14.61 implies that there are correspondences 


(S,a) 

(SA,a) (Ss,a) 


and 


(S', a) 


vr. 


(Eb.ct) 


(5.5) 


such that 

« and 

Now consider the correspondence 


«)' ° iKy*[wj] = [Rw,j]. 


(SA,CT)^iX^JS,CT) 






(S,cr) 






This is an iif-inverse to the correspondence on the right hand side of fl5.5l) since 




[TIJ o tt, O 7r„ O 


a 


l\S 


oid^*[v,j] 


{KY A+ 1] 

{KY °W*[Sv,j + 1] 

[RSv,i + /] = [A^v,i +1] 


and 


K ° K* ° (^T ° ° «)* ° j] 


= < ° <* o (cr')^ o id^*[Rw,i] 

= K°K[R'^A + 1] 

= [SRwJ + /] = [B^wJ + 1] 


= [wd + l]. 


The maps on 77“(•) behave similarly, and hence the correspondence on the right hand side of fl5.5l) 
is a i7-invertible correspondence between (S^,(j) and (S 5 ,(t). □ 

Example 5.19. Based on Theorem l5.18l the William’s conjecture [2S] that shift equivalence classihes 
shifts of hnite type, can be reformulated in the language of correspondences as follows: does H- 
equivalence imply strong equivalence? Counterexamples to the William’s conjecture are given in 
P and in the irreducible case in [12]. Similarly, one can ask whether Rat-i7-equivalence implies 
//-equivalence? However, this turns out to be false as well; explicit examples are not difficult to 
construct. 


5.3. Existence equivalences. In the previous section, we saw that each notion of invertibility for 
correspondences leads to a notion of equivalence for Smale spaces. However, following the general 
idea of finite equivalence and almost conjugacy, one can define an equivalence relation based on 
the existence of correspondences. 
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Definition 5.20. We say that two Smale spaces {X, (p) and {Y, ip) are cor-equivalent if there exist 
cor resp ondences: 




and 


(X,(p) {Y,iP) 

If this condition holds, we write {X, ip) 

COT 


{Y,iP) (X,(p) 


The reader should note that we make no assumption on the maps on homology induced from 
the correspondences in the definition of cor-equivalence and that cor-equivalence implies finite 
equivalence by [191 Theorem 2.5.3]. 

The proof of the next result is similar to that of Theorem 15.181 and is omitted; we note that 
both Theorem 14.41 and Lemma [5.161 are relevant. 


Proposition 5.21. The relation r^cor is an equivalence relation. Moreover, if (J2,a) is a shift of 
finite type and {X, ip) is a Smale space, then (S, a) ^cor {X, (p) if and only if (X, (p) is a shift of 
finite type and (S, a) and (X, ip) are finitely equivalent. 

Example 5.22. The 2°°-solenoid, see for example [T91 Section 7.3], and the full two shift are finitely 
equivalent, but not cor-equivalent. 

We also have a relation which is related to almost conjugacy. 

Definition 5.23. We say that two irreducible Smale spaces, (X, (p) and {Y,ip), are Almost Cor 
Conjugate (i.e., ACC-equivalent) if there exist correspondences: 


(M.ii) 


TTn 


and 




vr. 


(X.f) 


(Y,i>) 






where each of the maps, tt^, tt^, and vr', are almost one-to-one. If this condition holds, we write 
(X,(p) {Y,iP). 

Again, the proof of the next result is similar to that of Theorem 15.181 and is omitted; in this case 
na Theorem 9.3.2] is relevant. 

Proposition 5.24. The relation ~acc is an equivalence relation. Moreover, if (T,,a) is an irre¬ 
ducible shift of finite type and (X, (p) is an irreducible Smale space, then (S, a) ^acc {X, ip) if and 
only if (X, (p) is a shift of finite type and (S,cr) and (X, (p) are almost conjugate. 

Example 5.25. The 2°°-solenoid and the full two shift are almost conjugate, but not ACC-equivalent. 

5.4. Correspondences and dimension. Lemma |5lT6] points to a fundamental, but at this point 
vague, difference between a finite equivalence and a correspondence: the former does not “see” 
dimension, while the latter seems to. More precisely, Bowen’s theorem implies that if two Smale 
spaces are finitely equivalent, then the middle space can be taken to be a shift of finite type; this 
cannot be done in general for a correspondence. 

Our main goal in this section is to study the implications of a cor-equivalence on the covering 
dimensions of the various Smale spaces appearing in the equivalence. We make use of several 
basic facts about covering dimension and direct the reader to [10] for the appropriate background 
material. We begin with a general observation about finite-to-one maps. The proof of the next 
result follows from a theorem of Hurewicz, see for example [TO] Theorem VI 7]. 
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Lemma 5.26. Let vr : {X,ip) be a finite-to-one factor map between Smale spaces. Then, 

dim(X) < dim(F). 

Corollary 5.27. If 

is a finite equivalence of Smale spaces, then dim(M) < min{dim(X), dim(y)}. 

We move to the case of cor-equivalence. As such let 

^ \ ^ and , / \ , 

(X,^) {Y,f^) {Y,^f) (X,(^) 


be two correspondences (i.e., an explicit cor-equivalence between {X,ip) and {Y,'f)). 

To simplify the discussion, we assume that dim(X*(a;)) and dim(X“(a;)) are independent of 
X G X and likewise dim(y^(i/)) and dim(y“(i/)) are independent of y ^ Y (as we will see in 
Remark 15.291 this assumption holds quite broadly). In particular, this assumption implies that for 
each X G X and y eY, 

dim(X) = dim(X*(a;)) -I- dim(X“(a;)) and dim(F) = dim(F^(i/)) -|- dim(W(i/)). (5.6) 

In addition, the following inequality comes from basic properties of dimension and the dehnitions 
of s- and n-bijective maps: for any m G M, 

dim(M) > dim(M*(m)) -|- dim(M“(m)) = dim(F*(7rs(m))) -|- dim(X“(7rt,(m))). 

Likewise, for any m' G M', 

dim(M') > dim((M')®(m')) -|- dim((M')“(m')) = dim(y'“(7r(j(m'))) -|- dim(X*(7r(^(m'))). 

Using these two inequalities and Equation (I5.6p . we obtain 

dim(M) -|-dim(M') > dim(X) -|-dimCU) > min{2 dim(X), 2 dim(U)}. 

However, Corollary 15.271 implies that the reverse inequality holds as well. It follows that 

dim(M) -I- dim(M') = min{2dim(X), 2dim(U)} and 
dim(A) = dim(y) = dim(M) = dim(M'), 

where the latter equality uses dim(M) -|- dim(M') > dim(X) -|- dim(U) and Corollary 15.271 

Furthermore, since there exists m E M such that dim(M) = dim(M®(m)) -|- dim(M“(m)), and 
using properties of s- and n-bijective maps, we have x E X and y E Y such that dim(M) = 
dim(A“(a;)) -I- dim(U^(i/)). Recalling that dim(X) = dim(X“(a;)) -|- dim(X^(a;)), for any x E X, 
and that dim(y®(i/)) is independent of y E Y, we have that dim(X®(a;)) = dim(y^(|/)) for each 
X E X and y eY . Likewise, dim(X“(x)) = dim(y“(|/)) for each x E X and y eY . We summarize 
this discussion in a theorem: 


Theorem 5.28. Let (W, (p) and {Y,^}) be Smale spaces and let 


(M,/i) 






{Y,f^) 










and 
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be correspondences. Furthermore, assume that dim(X^(a:)) and dim(X“(a:)) are independent of 
X E X and likewise dim(y'^(|/)) and dim(y“(i/)) are independent of y eY. Then 

(1) dim(X) = dim(y) = dim(M) = dim(M') and 

(2) For each x E X and y eY , dim(X®(a;)) = dim(F'^(|/)) and dim(X“(a;)) = dim(y'“(|/)). 

Remark 5.29. The assumption of the independence of the dimension of the stable/unstable sets 
holds quite broadly. In particular, for a shift of finite type all of the stable and unstable sets 
have dimension zero. Moreover, the following proposition shows that the assumption holds for any 
irreducible Smale space. In general, however, the assumption does not hold for a non-wandering 
Smale space. For example, consider the disjoint union of a shift of finite type and a hyperbolic 
toral automorphism. 

Proposition 5.30. Let {X,Lp) he an irreducible Smale space. Then dim{X^[x)) (respectively 
dim{X'^[x))) is independent of x E X. 

Proof. We prove the X^(a;) case, the X“(a;) case is similar. Since {X,(p) is irreducible, we may 
choose X E X such that is dense. Note that dim{X^{ip\x))) = dim{X^[x)) for all 

i, and call this common dimension D. Now let x' G X^(x) be such that dim{X^{x',ex)) = 
dim{X^{x)) = D. Since x' x we have that {(p"'(x')}^o is also dense in X, and for each 
n, ip^{x') has neighbourhood ip"'{X^{x',ex)) C X^{ip^{x')) = X^{ip^{x)) with dimension D. Let 
Un = (p"‘{X^{x',ex))- Now, let z G X be any point. We can hnd n such that d{z,ip^{x')) < ex/2 
and the diameter of Un < ex/2. Then [(p"^(a;'), X^( 2 :, ex/2)] is an open set in X^{ip^{x')) which 
is homeomorphic to X^{z,ex/‘2^), hence dim{X^{z,ex/‘^)) < L). On the other hand, [z,Un] is an 
open set in X^{z) homeomorphic to Un, hence dim{X^{z)) > dim{\z,Un\) = D. It follows that 
dim{X^{z)) = D. □ 

6. Correspondences and equivalence for general Smale spaces 

In this section we provide methods for constructing correspondences. In particular, we prove 
a special case of a Kiinneth formula for Putnam’s homology in which one of the Smale spaces in 
a shift of hnite type and the other has totally disconnected stable sets. It is used to construct 
examples of Smale spaces with isomorphic homology theories that are not if-equivalent. 

6.1. General constructions. We now give a partial generalization of m Theorem 8.3.8] (see 
also Theorem 14.4p . 

Theorem 6.1. Suppose (X, 93 ) and (X, t/) o,re irreducible Smale spaces such that X^[x) is totally 
disconnected for each x E X and Y^{y) is totally disconnected for each y eY . Then, the following 
are equivalent: 

(1) {X,(p) and {Y,fj) are finitely equivalent; 

(2) (X, ip) and {Y, fj) have equal entropy; and 

(3) there is correspondence from {X,ip) to {Y,f)). 

Proof. Theorem 13.31 gives the implication ([T]) ([2]). The relevant dehnitions and [T21 Theorem 

2.5.3] give the implication ([T]). 

We now show that ([2]) ([3]). Given (X, 93 ) and (X, i/), Bowen’s Theorem [H Theorem 28] 

implies that there exist shifts of finite (Sx, cr) and (Sy, a) and factor maps px ■ (Sx, cr) —^ {X, ip) 
and py '■ (Sy,cr) —>■ {Y,fj). Moreover, the assumptions on the unstable and stable sets of (X, (p) 
and (X, fj) imply that we can take px to be u-bijective and py to be s-bijective. 

The existence of the maps px and py and the fact that (X, p>) and (X, f)) are irreducible with 
equal entropy imply that (Sx, cr) and (Sy, a) can be taken to be irreducible and have equal entropy. 
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Theorem 14.41 implies that there exists a correspondence: 


(Sm, ) 


(Sx,cr) 




where cr) is a shift of hnite type. It follows that 

(Sjvf, cr) 


Px 0 71 




PY O Tig 


(X.v) 




is a correspondence. 


□ 


Example 6.2. Let {Xq, ipo), (Xi, (pi), and (X 2 , (^ 2 ) be nonwandering Smale spaces and ps : (Xi, ipi) 
(Xo,(po) be s-bijective and pu ■ (X 2 ,(p 2 ) be w-bijective. Then 




(X2, 1P2) 


y 

ps pu 




{X2,P2) 


is a correspondence. Moreover, [6l Theorem 5.1] and Remark 14.31 imply that the induced maps on 
homology are equal: 



A specihc example of this situation is an s/u-bijective pair, see Dehnition 12.31 More generally, one 
can construct correspondences from (Xi,(pi) to (X 2 ,(p 2 ) with middle space given by the “iterated 
hber product”, see [1^1 Section 2.6]. 

Another way to produce correspondences between Smale spaces is to use Putnam’s Lifting 
Theorem, which we restate for the readers convenience. 

Theorem 6.3 (Putnam’s Lifting Theorem [TSl Theorem 1.1]). Let {X,ip) and (X, V’) be irreducible 
Smale spaces and vr : (X, (p) (Y, p) be an almost one-to-one factor map. Then, there exist 

irreducible Smale spaces {X,ip) and {Y,p) along with a commutative diagram 


(A'.v) 


TT 


iY,P) 


OL 


(X.f) 


TT 




where 


(1) 71 is s-resolving; 

(2) a and (3 are u-resolving. 


Using the notation of Theorem 16.31 and [TUI Theorem 2.5.8], we have that 
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is a correspondence. Given the setup of Theorem 16.31 it is natural to ask if there exists a corre¬ 
spondence 






which “factors” tt (i.e., vr o 7r„ = tt^). This would correspond to being able to take (3 equal to the 
identity map in the diagram in the statement of Putnam’s lifting theorem, which is not possible 
in general. We note that factoring tt as the composition of an s-bijective map with a u-bijective 
map corresponds to being able to take a equal to the identity in this same diagram; the reader is 
directed to the introduction of [IB] for more on this case. 

Conversely, it is natural to ask if, for each correspondence 


(M,p) 


TT-ji 






there exists a factor map tt : {X,ip) {Y,^ such that tt o vr^ = vr^. However, there are shifts of 
hnite type that are counterexamples. In general, if there exists such a factor map tt, then for each 
X E X, 7rs(7r“^({a;})) is a single element; this rather strong condition is certainly not satished by 
an arbitrary correspondence. 

6.2. Special case of a Kiinneth formula for Putnam’s homology. In this section, we prove 
the following result; 

Theorem 6.4. Let (X, ip) be a non-wandering Smale space with totally disconnected stable sets, 
and (S,cr) be a non-wandering shift of finite type. Then, 


(i/:((E, a) X (X, y), (a x = {DfiE, a) 0 H:{X, (^), 0 and 

(H.“((E. <t) X (X, ^)). {a X 43)”) s; (£(“(E, a) 0 H^iX, ^), <t” 0 ^“) 


( 6 . 1 ) 

( 6 . 2 ) 


The proof requires a number of lemmas. We give a detailed proof of fl6.ll) and note that (16.21) 
is analogous. The reader should note also that the assumption that the stable sets are totally 
disconnected simplihes the dehnition of Putnam’s homology theory, see m Chapter 4 and Section 
7.2]. 

Lemma 6.5. //(S,cr) and (E', ex') are shifts of finite type, then 

a) X (S', a')), (a x a)") = a) 0 DfiT.', a'), 0 (a')") 

(I1“((S, a) X (S', a')), (a x a)“) ^ (Z1“(S, a) 0 D“(S', a'), 0 (a')“). 

Proof. We prove the stable case; the unstable case is similar. We can hnd graphs G and H such 
that (S,cr) = (S^, ctg) and (S', a') = Then 


T)*(SG,aG) := ^ ^ ^ 


and 


as described in Section 12.31 Now consider the graph G x H. That is, the graph with vertex set 
{G X Hfi = G^ X and if Gl^„ is the set of edges in G from u to v, then {G x .„/)(.„ .„/) = 
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X Now, it is straightforward to see that (T,G,aG) x — (X‘Gxh,o'gxh) and that 

Ag^h = Ag^ Ah. So, identifying with O we have 

D^{EgxH, (^Gxh) ■= ^|G0| ^ jjH°\ Ag^h ^|g 0| ^ r^\H^\ Ag^h 

It is then rontine to show that D^{T,gxH) (^gxh) — -D®(Zg, cg) <8) D^{Tih, cth). □ 

Lemma 6.6. Suppose {X, ip), (X, (p), (Y, 'ip), and (Y, p:) are Smale spaces and pi : (X, p>) (X, (p) 

and p 2 : iY,'ip) —)■ {Y,^!) are factor maps. For any positive integer N, 

Xn{pi) X Yn{P2) = (X X Y)]s[{pi X P 2 ). 

In particular, if pi is the identity map, we have 

XxYH{p2) = {XxY)H{tdxp2). 

Proof. The hrst statement follows from the dehnitions; the second is an immediate consequence of 
the hrst. □ 

Lemma 6.7. Let (S,cr) and (Ex,cr) be shifts of finite type, and let p : (Ex,cr) —)■ {X,p) he an 
s-hijective factor map. Fix a non-negative integer N, and let 

^xp . ^ Sx)ivN X p)) ^ D^((E X Ex)N-l{^d X p)) 

and 

be defined as in [m Section 4.1], Then, using the isomorphisms in the previous two lemmas, we 
have that the following diagram commutes: 

^idxp 

D^{{ExTx)N{tdx p)) D^{{TxTx)N-i{tdxp)) 



D%T,a)(^D^{{Tx)N{p)) D^{T,a) D^{{Tx)n-i{p)) 

where $ is the isomorphism defined in the proof. 

Proof. By Lemma [6.61 we have the following commutative diagram: 

^idxp 

(S X Ex)Ar(fd X p) (E X T^x)N-l{'id x p) 


idxS^ 

s X (Ex)Ar(p) - A E X (Ex)Ar-i(p) 

where the vertical maps are conjugacies. In addition, by Lemma 1631 we also have the commutative 
diagram: 

D^(E X (Ex)fv(p)) X (Ex)iv-i(p)) 

D*(E)(8)D*((Ex)v(p)) -^ D*(E)®D^((Ex)iv-i(p)) 

where again the vertical maps are isomorphisms. These commutative diagrams and [T^ Theorem 
3.4.1] yield the required result; the map <I> is explicitly given by the composition of the isomorphisms 
on stable homology induced from the vertical isomorphisms in the two diagrams. □ 
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Corollary 6.8. The isomorphism $ defined in the proof of Lemma \6. ?| gives 

(D^((S X Ex)N{td X p)), d%{td X p)) = (D^(S) 0 D%{Ex)N{p)),td 0 d%{p)) 

Proof of Theorem \6.4\ Since (X, p) has totally disconnected stable sets, there exists a non-wandering 
shift of finite type (Sx, cr) and s-bijective factor map p : (Sx, cr) —)• (X, p). The result then follows 
from Corollary 16.81 since the isomorphism $ respects the functors associated with s-bijective and 
u-bijective maps. □ 

6.3. Isomorphic homology vs H-equivalence. The next example shows that the notion of 
hf-equivalence for Smale spaces is strictly stronger than the property of having an isomorphism at 
the level of the homology that intertwines the maps induced by the dynamics. 

Example 6.9. Let denote the solenoid obtained from the pre-solenoid, (X, h), in [21 Example 

2.7]. Based on [21 Example 3.4 / 3.5], we have that 

7/d I * ^ ^ ^ • ^ = 0 

I Q : X^O 

r Z[|] : X = 0 

Z/2Z : X = 1 
\ 0 : X^0,1 

and that the actions on the degree zero groups of and "0“ are respectively 

(1) multiplication by the matrix 

(2) multiplication by three. 

Let (E[ 2 ],ct[ 2 ]) denote the full two shift; its homology groups are its dimension groups, which are 
both Z [i]. The action of is division by two, and is multiplication by two. Then, Theorem 
16.41 and a computation imply that 

//w((S[2|.ff|2l)x(K,V)) = | ^[5] 

WS(E[2|,ff|2l)x(F,^.)) = | : ]vJo. 

These homology groups are the same as those of the full six shift, (S[6], aiej). Moreover, the maps 
(cr[ 2 ] X yy and cr*gj are both division by six, while (apj x -0)“ and aJ^j are both multiplication by 
six. 

Thus, (S[ 2 ],ct[ 2 ]) X (X,"0) and (S[6],(T[6]) have isomorphic homology theories (even with the au¬ 
tomorphisms associated to the dynamics accounted for). We note however that, since (E[ 2 ], cr[ 2 ]) x 
(X, i/)) is not a shift of hnite type. Lemma 15.161 implies that it is not if-equivalent to (S[e], cr[6]). 
Thus, Lf-equivalence is strictly stronger than the property of having an automorphism preserving 
isomorphism at the level of homology. 

In [221122], Wieler gives a very general construction, using inverse limits, of Smale spaces with 
totally disconnected stable sets. She also presents an intriguing example based on the Sierpinski 
gasket. Putnam has told us that his computations with T. Bazett show that this Smale space has 
the same homology as the full 3-shift, although the details have not appeared. Thus, this “gasket 
Smale space” is an example of a Smale space which is not a shift of finite type, but has the same 
homology as one. The example discussed in this section also has this property. Other examples 
with this property can be produced by considering the product of an unorientable solenoid with 
the full two shift, and then following the construction in the previous example. 
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7. Implications of equivalences for Smale spaces 

In this section, we present a number of consequences, in terms of dynamic notions, of correspon¬ 
dence equivalences between two Smale spaces. The starting point for this discussion is the diagram 
on page 261 of [H]; it outlines the various consequences of (strong) shift equivalence for shifts of 
hnite type. One goal of this section is to illustrate the similarity, through their dynamic conse¬ 
quences, between the notions of equivalence for Smale spaces dehned using correspondences and 
(strong) shift equivalence. Quite a number of the implications below follow almost immediately 
from Putnam’s work on the ^-function of a Smale space in [T^ Section 6]. 

We should emphasize that the idea that Smale spaces and shifts of hnite type (should) share 
many similar properties is certainty not new, see for example any of [H |2l HI [HI [151 CHI [201 El [2^ - 
Indeed, Bowen’s theorem |1] and the existence of an s/u-bijective pair CHI Theorem 2.6.3] (also see 
Dehnition 12.3p provide strong links between the theories. In the context of Putnam’s homology 
theory we have the following table, which lists generalizations of notions from shift of hnite type 
theory to the theory of Smale spaces. The hnal four entries will be dehned and justihed in the 
remaining part of this section. That these notions are generalizations follows for the most part 
from results in [T9] . 


Shift of Finite Type 

Smale Space 

(Sg,^) 

-D®(SG,cr), Z7“(SG,cr) 

^G 

TZag 

^G 

J"{Ag) 

CaAt) 

{X,ip) 

(V9-Q^ if- 
H:{X,if)®Q 

0 idQ 

J (((p'Q"* 0 ido) 

(At) 


Definition 7.1 ( [TTl Dehnitions 7.4.2, 7.4.5, and 7.4.9]). Suppose A is an r x r integral matrix. 
The eventual range of A is the subspace of Q'" given by 

OO 

77a = n 

k=l 

The invertible part of A is the linear transformation obtained by restricting A to its eventual 
range; that is, A^ : 77a 77a is dehned by A^ = ((T]T^)^ <8)z id. Finally, the Jordan form away 

from zero J^{A) is the Jordan form of A restricted to its eventual range. 

We note that our dehnition of the eventual range of a matrix corresponds to the eventual range 
of A* in m Dehnition 7.4.2]. We choose to do things diherently here so that we can state our 
results for 7 J^(Sg,(t) rather than 7 J“(Sg,ct). 

Proposition 7.2. Let (Sg,ct) be a shift of finite type. Then 

T^Ag — -D^(Sg, u) 0 Q 

and we have the following commutative diagram: 

TZaq —^ d^Ac 

D^(SG,a)0Q D^(Sg,ct)0Q 

Proof. That TZag — cr) 0Q follows from the dehnitions. The commutativity of the diagram 

follows from the fact that, for [u,u]0g G 7 J'^(Sg, cr)0Q, ((cr“Q^0Z(iQ)([u, n]0g) = [AGV,n]®q. □ 
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Let (X, (f) be a Smale space. Then the ^-function of (X, cp) is dehned by 


(^(t) = exp 



card{a; E X\lp'^[x) 
n 



The ^-function of a Smale space is discussed in detail in [121 Section 6 ]. In particular, we will use 
the following result. 

Corollary 7.3 ( [T21 Corollary 6.1.2]). Let {X,ip) be an irreducible Smale space. For each N e'L 
and f G M, let pN(t) be the determinant of 

Id - t{Lp~^)% O idjR : H^{X, 9 ?) ® M -)■ H^{X, 9 ?) 0 M 


Then 

Crit)= 

ITe note that for all but finitely many N we have that p^it) = 1. 

Proposition 7.4. //(i7^(X, (p) 0 M, ((p“^)^) and V’) 0 isomorphic, then 

= Cy('5)- 

Note that if (X, <p) ^Rat-n then the hypothesis of Proposition 17.41 is automatic. 


Proof. Let <h be the isomorphism which which intertwines the maps induced by and For 
example, in the case (X, ip) ^Rat-u (X, 'f’) one can take the map constructed in Proposition 15.131 
One then checks that, for each N E'L and f G M, the following diagram commutes: 


/7^(X,(p)0M - ^ > i7^(X,(p) 






> Huy,^) 


Corollary 17.31 then implies the result. 


□ 


We now have the following analogue of the diagram on [TH p.261] for Smale spaces: 













32 


ROBIN J. DEELEY, D. BRADY KILLOUGH, AND MICHAEL F. WHITTAKER 


Thm lHTT^ 

v) = (X, X < > X, X ^strong (>", i’) 


Prop[5H2] 




PropEia 



(X,^) 

Rat {YX) 




and 


Prop[5]T2] 


Prop[5d3] 


{H\X, if) (g) Q, ((^-1)^ ® id) ~ {H\Y, iP) ® Q, {ip-X ® X 

and 

{H^{X, ip) (g) Q, (g) id) ~ {H'^Xi X ® Q,® id) 




Prop 15.12] 


Prop EH 

C^(^) = ut) 


per{X, ip) = per{Y, tp) 


(X,v?) ^nat-H XX) 

\^Def’n[MI 

(X,v?) [Y.iP) 

Def’n lSTTl 

(X,(^) {Y,iP) 

Prop [3^ 

h{X,p) = h{Y,iP) 


8. Outlook: Further functors 

It is likely that a correspondence will also indnce maps between the K-theory gronps of stable 
and nnstable C*-algebras associated to Smale spaces and even, in a certain sense, at the level of 
the 0*-algebras themselves. However, there are a few issnes to be addressed to do so: 

(1) Cnrrently, a C*-algebra can only be associated to a Smale space when it is non-wandering. 

(2) The fnnctoriality of the C*-algebras nnder s/n-bijective maps is snbtle, see [T7] (and again 
only known in the non-wandering setting). 

(3) There is no “pnllback lemma” in the case of general Smale spaces or K-theory. Other 
examples of “pullback lemmas” are m Theorem 3.5.11] in the case of the dimension group 
of shifts of hnite type and [HI Theorem 5.1] in the case of Putnam’s homology theory. 

While we believe that these issues can be overcome, at least in the case of K-theory, a detailed 
development would greatly increase the length of the current paper. As such, we will pursue this 
topic in a future paper. We note that the work of Thomsen in [22] is likely to factor into solutions 
to these issues. 
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